Fault tolerance and transmission delay of networks are important concepts in network design. The notions are strongly related to connectivity and diameter of a graph, and have been studied by many authors. Wide diameter of a graph combines studying connectivity with the diameter of a graph. Diameter with width k of a graph G, k-diameter, is defined as the minimum integer d for which there exist at least k internally disjoint paths of length at most d between any two distinct vertices in G. Denote by D c (G) the c-diameter of G and κ(G) the connectivity of G. In the context of computer networks, wide diameters of Cartesian graph products have been recently studied by many authors. Cartesian graph bundles is a class of graphs that is a generalization of the Cartesian graph products. Let G be a Cartesian graph bundle with fiber F over base B, 0 < a ≤ κ(F ), and 0 < b ≤ κ(B). We prove that D a+b (G) ≤ D a (F ) + D b (B) + 1. Moreover, if G is a graph bundle with fiber F = K 2 over base B = K 2 , then D a+b (G) ≤ D a (F ) + D b (B). The bounds are tight.
Introduction
Graph theory has natural applications in computer science and information theory. In the design of large interconnection networks several factors have to be taken into account. A usual constraint is that each processor can be connected to a limited number of other processors and the delays in communication must not be too long. Closely related notions from graph theory are the diameter which corresponds to the maximal delay, and the connectivity, which corresponds to fault tolerance of the network. Natural generalizations are the fault diameter, i.e. diameter of a graph after deletion of some of its elements and wide diameter that measures the diameter of connections with prescribed bandwidth. The concept of wide diameter is a combination of both diameter and the connectivity. First papers on wide diameter include [4] [5] [6] .
Among extensively studied network topologies are graph products and bundles. For example the meshes, tori, hypercubes and some of their generalizations are Cartesian products. It is less known that some well-known topologies are Cartesian graph bundles, i.e. some twisted hypercubes [2, 3] and multiplicative circulant graphs [8] .
Wide diameter of several classes of graphs including the Cartesian products was studied in [5] . In this note we generalize the upper bound on wide diameter of the Cartesian product to Cartesian graph bundles.
Preliminaries
A simple graph G = (V , E) is determined by a vertex set V = V (G) and a set E = E(G) of (unordered) pairs of vertices, called the set of edges. As usual, we will use the short notation uv for edge {u, v}. Two graphs are isomorphic, if there is a bijection between the vertex sets that preserves adjacency. 
Cartesian products and bundles
Let G 1 and G 2 be graphs. The Cartesian product of graphs G 1 and G 2 ,
For further reading on graph products we recommend [7] . 
More precisely, the mapping p : G → B maps graph elements of G to graph elements of B, i.e. p :
In particular, here we also assume that the vertices of G are mapped to vertices of B and the edges of G are mapped either to vertices or to edges of B. The mapping p will also be called the projection (of the bundle G to its base B).
Note that each edge e = uv ∈ E(B) naturally induces an isomorphism ϕ e : p −1 ({u}) → p −1 ({v}) between two fibers.
(Graph bundles were first studied in [9] .) It may be interesting to note that while it is well known that a graph can have only one representation as a product (up to isomorphism and up to the order of factors) [7] , there may be many different graph bundle representations of the same graph [11] . Here we assume that the bundle representation is given.
Definition 2.2.
Let G be a Cartesian graph bundle with fiber F . The fiber of vertex x ∈ G will be denoted by F x . Formally, F x = p −1 (p(x)).
For a later reference note that a graph bundle over a tree is isomorphic to a product, i.e. we can assume that all isomorphisms ϕ e are identities. Example 2.3. Let F = K 2 and B = C 3 . In Fig. 1 we see two nonisomorphic bundles with fiber F over the base graph B.
Informally, one can say that bundles are ''twisted products''.
Example 2.4.
While it is well known that the hypercube is a Cartesian product of edges, i.e. Q n = K 2 K 2 . . . K 2 , it is less known that graph bundles also appear as computer topologies. A well-known example is the twisted torus in Fig. 2 .
Distance
A walk between x and y is a sequence of vertices v 0 ,
A walk with all vertices distinct is called a path. The length of a path P, denoted by (P), is the number of edges in P. The distance between vertices x and y, denoted by d G (x, y) is the length of a shortest path between x and y in G. The diameter of a graph G, d(G), is the maximum distance between any two vertices in G. A path P in G, defined by a sequence x = v 0 , e 1 , v 1 , e 2 , v 2 , . . . , v k−1 , e k , v k = y can alternatively be seen as a subgraph of G with V (P) = {v 0 , v 1 , v 2 , . . . , v k } and E(P) = {e 1 , e 2 , . . . , e k }. Let G be a graph, x, y ∈ V (G) distinct vertices, P a path from x to y in G, and z ∈ V (P) \ {x, y}.
We will use x P → z to denote the subpathP ⊆ P from x to z. If z is adjacent to x in P, we will simply use x → z. Let G be a graph and X ⊆ V (G). A path P from a vertex x to a vertex y avoids X in G, if V (P) ∩ X = ∅, and it internally avoids X , if (V (P) \ {x, y}) ∩ X = ∅.
Connectivity
The connectivity of a graph G, κ(G), is the minimum cardinality over all vertex-separating sets in G, if G is not a complete graph K n , otherwise we define κ(
One of Menger's theorems (see, for example, [10] , page 167) reads: Theorem 2.5 (Menger) . If x and y are vertices of a graph G and (x, y) ∈ E(G), then the minimum size of an x, y-cut equals the maximum number of pairwise internally disjoint x, y-paths.
The following well-known corollary easily follows Corollary 2.6. Let G be a k-connected graph and δ G be its minimum degree. Then δ G ≥ k.
For the connectivity of the Cartesian graphs bundles we have [1] : 
Wide diameter
The distance with width a from x to y, a-distance for short and denoted by d a (G; x, y) , is the minimum integer d, for which there are at least a internally disjoint paths from x to y of length at most d in G. The diameter of width a of G, a-diameter for short and denoted by D a (G), is defined as the maximum a-distance d a (G; x, y) over all ordered pairs (x, y) of vertices in G.
Note that D 1 (G) is just the diameter of G. It is clear that the wide diameter is an upper bound for the fault diameter. Next we formally define the fault diameter. Definition 2.9. Let G be a k-connected graph and 0 ≤ a < k. Then we define the a-fault diameter of G as Proof. The statement of the theorem easily follows from Definitions 2.8 and 2.9.
The following example shows that there is a graph G, such that D f a−1 (G) < D a (G). Example 2.11. Consider the n-cycle C n on n vertices. Clearly D f 1 (C n ) = n − 2 and D 2 (C n ) = n − 1 for each positive integer n.
Proof of theorems
Proof. Let F = K 2 , B = K 2 be k F -connected, k B -connected graphs, and G the Cartesian graph bundle with fiber F over the base graph B. Let also 1 < a ≤ k F , 1 < b ≤ k B . Note that D a (F ) ≥ 2 and D b (B) ≥ 2. We will prove Theorem 3.1 by constructing a + b internally disjoint paths with length at most D a (F ) + D b (B) between any pair of distinct vertices in G. Let u and v be two distinct vertices in G. Let p : G → B be the projection map. We distinguish two cases. Case 1. If p(u) = p(v), then let P 1 , P 2 , . . . , P a be internally disjoint paths from u to v in the fiber F u with length at most D a (F ). Next, let u 1 , u 2 , . . . , u b be distinct neighbors of p(u) in B and let u 1 , u 2 , . . . , u b be neighbors of u in G, and v 1 , v 2 , . . . , v b the neighbors of v in G, such that p(u i ) = p(v i ) = u i for each i = 1, 2, . . . , b. For each i = 1, 2, . . . , b let Q i be a path from u i to v i in fiber F u i with length at most D a (F ). Now we construct paths Q 1 , Q 2 , . . . , Q b from u to v as follows. For each
It is easily seen that we constructed a + b internally disjoint paths P i , Q j , i = 1, 2, . . . , a, j = 1, 2, . . . , b,
, then we consider two subcases.
Subcase 1.
Suppose that there is a path P from u to v in G with length (P) ≤ D b (B), such that p(P) is a path from p(u) to p(v) in B with length (p(P)) = (P). Without loss of generality suppose that P is the shortest one among all such paths. Let P 1 , P 2 , . . . , P b−1 be mutually internally disjoint paths in B from p(u) to p(v) with lengths more than 1 and at most D b (B) such that for each i = 1, 2, . . . , b − 1, P i is internally disjoint with p(P). Next, let P 1 , P 2 , . . . , P b−1 be paths in G from u to v 1 , v 2 , . . . , v b−1 ∈ F v such that p(P i ) = P i , and (P i ) = (P i ) for each index i. Next, let for each i = 1, 2, . . . , b − 1, v i ∈ P i be the neighbor vertex of v i . For each i = 1, 2, . . . , b − 1, let S i be a path in F v i from v i to a vertex w i , where w i is a neighbor of v, with length at most D a (F ). Now we define for each index i = 1, 2, . . . , b − 1, the path
This way we constructed b mutually internally disjoint paths P,
Next, let q 1 , q 2 , . . . , q a be distinct neighbors of vertex u in the fiber F u , and let for each i = 1, 2, . . . , a, Q i be the path in G from q i to a vertex q i in the fiber F v , such that for each i = 1, 2, . . . , a, p(Q i ) = P and (Q i ) = (P). Note that for each i = 1, 2, . . . , a, q i is a neighbor of v. Now we define for each i = 1, 2, . . . , a, the path
This way we constructed a + b mutually internally disjoint paths P,
such that (p(P)) = (P) (in fact (p(P)) < (P)).
Let P 1 , P 2 . . . , P b be mutually internally disjoint paths in B from p(u) to p(v) with length at most D b (B). For each i = 1, 2, 3, . . . , b let v i ∈ P i be the neighbor of p(v) and P i the path in G from u to v i , where p(v i ) = v i , such that p(P i ) = P i − {p(v)} and (P i ) = (P i ) − 1 (Note that there may be an i 0 , such that v i 0 = p(u). If so, suppose without loss of generality, that v 1 = p(u).). Next, letP 1 be the path in G from v toũ, whereũ ∈ F u , p(P 1 ) = P 1 and (P 1 ) = (P 1 ). Next, let Q i be internally disjoint paths from u toũ in F u with length (Q i ) ≤ D a (F ), i = 1, 2, . . . , a. Let for each i = 1, 2, . . . , a, u i be the neighbor vertex ofũ in Q i (Note that there may be an i 0 , such that u i 0 = u. If so, suppose without loss of generality, that u 1 = u.). Next, let for each i = 1, 2, . . . , a, R i be the path in G from vertex u i to a vertex w i ∈ F v , such that p(R i ) = P 1 and (R i ) = (P 1 ). Furthermore, let for each i = 1, 2, . . . , b, S i be the path in
and for each j = 2, 3, . . . , a we define the path
and for each j = 2, 3, . . . , a,
This way we constructed a+b−2 internally disjoint paths in G from u to v with required length. We construct the remaining two paths from u to v as follows. Let P be the path in G from vertex u to vertex v ∈ F v , such that p(P) = P 1 , (P) = (P 1 ) and let Q be the path in F v from v to v, such that for each i = 2, 3, . . . , a, w i ∈ Q , with length (Q ) ≤ D a (F ). Now we define (B) and constructed paths H and K are internally disjoint with each of the paths H i and K j .
If we drop the condition that B and F must not be K 2 , a = 1 or b = 1, then a proof along the same lines gives a slightly worse bound. Fig. 4 we see the bundle G with fiber F over the base graph B, which is isomorphic to P 4 P 4 . One can easily see that D 1 (F ) = 3, D 1 (B) = 3 and D 2 (G) = D 1 (F ) + D 1 (B) = 6 (observe two vertex disjoint paths joining black vertices). Therefore the upper bound from Theorem 3.1 is tight.
